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INTRODUCTION
w xIn Lu2, Lu5 , Lusztig constructed integral forms in quantum groups at
roots of 1. Through reduction modulo p for an invariant lattice in an
Ž . Ž .irreducible module L l for a quantum group U g at a pth root of 1,p p
Ž .Lusztig constructed a module L l for the corresponding simply con-p
nected semisimple algebraic group G of the same root system as the
w x Ž .semisimple Lie algebra g. Lusztig conjectured in Lu2 that L l isp
irreducible when l is a p-restricted weight. This conjecture has been
w x Žproved in AJS by Andersen et al. for p sufficiently large although there
.is no bound to be found . In this paper we follow Lusztig's construction to
Ž .rget a class of highest modules L l for the algebraic group G fromp
Ž .invariant lattices generated by a highest vector in the irreducible modules
Ž . Ž . rrL l for the quantum group U g at a p th root of 1. One cannot ex-p j
pect these modules to be irreducible for pr-restricted highest weights l.
w Ž . Ž .xOne natural question is to compute the multiplicity L l : L m ofp
Ž . Ž .irreducible G-modules L m in L l . Assuming the above Lusztig conjec-p
ture at pth roots of 1, the main result of this paper shows that, under
certain generic conditions on l in the bottom p3 alcove,
L l : L m s V l : L m ,Ž . Ž . Ž . Ž .p p p
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Ž .where V l is the quantum Weyl module at a pth root of 1. The rightp
hand side can be computed using Lusztig's quantum conjecture, which has
w xbeen proved by Kashiwara and Tanisaki KT1, KT2 combined with the
w x w xwork of Kazhdan and Lusztig KL2 and Lusztig Lu8 . For larger r, a
Ž .recursive formula is provided. Note that the quantum Weyl module V lp
Ž .has the same decomposition pattern as the ``baby Verma'' module Z l1
when the highest weight l is not too close to a chamber wall. We expect
Ž .rthat, generically, the module L l has the same module structure as thep
Ž .``baby Verma'' module Z l for the group scheme G T. Here G isry1 ry1 ry1
the r y 1th Frobenius kernel of the group G.
The motivation for studying these highest weight modules is to study the
structure of Weyl modules for algebraic groups, which is a central focus in
representation theory of a semisimple algebraic group G over an alge-
braically closed field of characteristic p. Although the original motivation
for studying the structures of Weyl modules was to understand the irre-
ducible modules, in particular, their characters, the structure of the Weyl
modules reflects the geometrical properties of the flag varieties such as the
cohomology groups of line bundles, and is fundamental to the study of
many other topics in the representation theory such as extensions and
cohomology theory. Lusztig's modular conjecture is a formula for certain
irreducible characters in terms of the characters of Weyl modules. In turn,
assuming Lusztig's modular conjecture, one can get much more informa-
tion about the structure of Weyl modules when the highest weights are in
2 w xthe bottom p -alcove. See And2, And4, AK, Lin3, Lin5, Lin4 for the
implications of the Lusztig conjecture to the structure of Weyl modules,
the extensions of simple modules, and the structure of cohomology groups
of line bundles. However, the structure of Weyl modules with highest
weight outside the bottom p2-alcove, as well as the cohomology groups of
line bundles, is still to be understood.
r Ž .rWhen l is in the bottom p -alcove, the module L l is just the Weylp
module. The quantum group approach enables us to decompose the Weyl
Ž .rmodules into larger pieces such as L l . Such decomposition is essen-p
Ž .tially done at the quantum group level. When r s 1, the module L l canp
be constructed as the dual module of the induced module from an
Ž .rirreducible G B-module. For larger r, the module L l plays the role of1 p
Ž .the ``baby Verma module'' Z l for the group scheme G T , whichry1 ry1
does not have a G-module structure except the Steinberg modules. The
result of the paper also provides further evidence to Humphreys' specula-
w xtion about the structure of Weyl modules in Hu1 .
The paper is organized as follows. In Section 1, we set up various actions
of the affine Weyl groups and study the relations between these actions
and a sequence of subgroups isomorphic to the affine Weyl group as a
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Coxeter group. In Section 2, we study the modules for G arising from the
quantum groups at prth roots of 1 and their basic properties. In Section 3,
we define the pr-generic condition, which generalizes the generic condi-
w x rq1tion of And2 in the bottom p -alcove, and estimate the decompositions
of these modules using the Jantzen sum formula for both G and quantum
groups at roots of 1. The special case when r s 2 is studied in Section 4,
where we can get a decomposition pattern of Weyl modules outside the
p2-alcove and inside the bottom p3-alcove. Section 5 generalizes the
results of Section 4 to general pr.
1. AFFINE WEYL GROUP ACTIONS
1.1. Let R be an indecomposable root system with Rq being the set of
positive roots and D being the set of simple roots in Rq. Let E be the
Ž .Euclidean space spanned by the set R and , be an inner product in E.
Ž . ² :For any a g R, s is the reflection defined by s x s x y x, a a for alla a
² : Ž . Ž . k Ž .x g E, where x, a s 2 x, a r a , a with a s 2ar a , a . The Weyl
Ž .group W of the root system R is the subgroup of O E generated by all sa
 < 4 w xwith a g R. In fact the set s a g D generates the group W Hu3 .a
The affine Weyl group W is the subgroup of isometries of the space Ea
Ž . Ž .generated by the affine reflections s defined by s x s s x q maa , m a , m a
for all m g Z, x g E, and a g R. The affine Weyl group W contains thea
 < 4Weyl group W as a subgroup and the group of translations T m g Z R (m
Z R as a normal subgroup such that W s W h Z R.a
 < 4Note that W is a Coxeter group with the generating set s a g D ja a
 4 Ž .0s such that W is a finite parabolic subgroup of W with thea , 1 a
 < 4 0 qgenerating set being s a g D . Here a is the highest short root in R .a
Ž w x .See Hu2 for more details about Coxeter groups.
 < 41.2. Let X be the integral weight lattice in E and v a g D be the seta
² :of fundamental weights such that v , b s d for all a , b g D. Thea a , b
fundamental weights form a basis for X as a free Z-module. X is invariant
under the action of W . Let r be the half sum of all positive roots. Thena
Ž .r g X r is also the sum of all fundamental weights . The new ``dot''-ac-
Ž .tion of the affine Weyl group W on E and also on X is defined bya
Ž .y ? x s y x q r y r for all x g E and y g W .a
1.3. Let us fix an odd prime p throughout this paper. For any nonnega-
tive integer r, denote by W r the subgroup of W generated by all s rp a a , p m
with a g R and m g Z. Then W r ( prZ R i W. Let F r : X “ X be thep
rŽ . rgroup homomorphism defined by F m s pm for all m g X. We will call
the group homomorphism F r the r th Frobenius homomorphism of X with
Žrespect to the prime p. The reason for such a name will be apparent if
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one considers the Steinberg tensor product theorem on irreducible mod-
. rŽ . rules. In particular F Z R : Z R. Note that F commutes with the
Ž .linear W-action on X. Thus we have an induced group homomorphism
Ž . rf : W “ W . In particular, f W s W .r a a r a p
 <rNote that W itself is a Coxeter group with the generating set s a gp a
4  40 r r rD j s . W is also a parabolic subgroup of W . However, W is not aa , p p p
parabolic subgroup of W . An easy observation will show that f is ana r
isomorphism of Coxeter groups from W to W r. More generally, f alsoa p r
induces isomorphisms W s ( W sq r of Coxeter groups.p p
Note that the Coxeter group W is the affine Weyl group associated top
the representation theory of the semisimple algebraic group G with root
system R, while the Coxeter group W r is associated to the representationp
theory of the quantum groups at a prth root of 1.
 ² : rr1.4. For each r, we define C s x g E N 0 - x q r, a - p , ;a gp
q4 r rR and call it the bottom p -alcove. The Coxeter group W , acting on Ep
rthrough the dot action, is a reflection group and the closure C is ap
fundamental domain. The images of C r under the dot W r-action arep p
called pr-alcoves. More precisely, a pr-alcove is the set
r ² : r qrA s x g E N n p - x q r , a - n q 1 p , ;a g R . 4Ž .p a a
Ž . Rq r ² : rHere n g Z . An element in E is called p -regular if x q r, a f p Za
q Ž .rfor all a g R i.e., x is not in any reflection hyperplane for W . Thusp
each pr-regular element x is in one and only one pr-alcove, which we will
Ž .rdenote by A x .p
0  ² : r 4 0r r1.5. Let B s x g E N 0 - x q r, a F p , ;a g D . We call B thep p
fundamental pr-box. In general, a pr-box is the set B0r q prm for somep
m g X. Then E is the disjoint union of all pr-boxes. For any x g E we will
Ž . rruse B x to denote the unique p -box containing x. Since a general boxp
 r ² : Ž . r 4ris of the form B s x g E N n p - x q r, a F n q 1 p , ;a g D ,p a a
each pr-alcove is contained in a unique pr-box.
r 0 r Ž r . r 0 rr rFor a p -box, B q pm, we call p y 1 r q pm g B q pm the upperp p
0 r r 0 rŽ .r rvertex of B q pm and yr q pm g B q p m y r the lower vertex ofp p
B0r q prm. For x g E, we will use x¤ r and x p r to denote, respectively, thep p ¤
r Ž .rupper and lower vertex of the p -box B x .p
1.6. Let X r s X l B0r. Elements of X r are called pr-restricted weights.p p p
 r 4rThen X s Ý n v N 0 F n F p y 1, ;a g D .p a g D a a a
Each l g X can be uniquely written as l s l0 q prl1 with l0 g X rp
1 ¤ Ž r . r 1rand l g X. Thus for any l g X, we have l s p y 1 r q p l . For anyp
l g X, l1 or l0 will be as in the above decomposition if r is understood
from the context. The above decomposition also works for all
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elements x of E provided we understand that x 0 g B0r and x1 g X. Thusp
¤ Ž r . r 1rx s p y 1 r q p x .p
Note that, in general, the actions of W r we mentioned above do notp
send pr-boxes to pr-boxes. With the above decomposition, we can define
new actions of W . For any x g E and y g W , we define y ? p r x s x 0a a
r 1 0 r Ž 1.rqp y ? x and y x s x q p y x . They do define two actions of thep
group W on E. Note that y ? p r sends pr-boxes to pr-boxes.a
When y g W, the operator y ?p r was called an alcove identification
w xoperator by Doty and Sullivan DS . The actions are natural generaliza-
w xtions of the actions of W defined in Lin3 . The following identities are
immediate consequences of the definitions
w ? l q m s w ? l q w m ;l, m g E, w g W , 1.1Ž . Ž . Ž . Ž .a
w ? r l q prm s w ? r l q pr w m ;l g E, m g X , w g W . 1.2Ž . Ž . Ž . Ž .p p a
Ž . r Ž ¤ . Ž . ¤r rLEMMA 1.7. a y ? p x s f y ? x for all y g W and x g E;p r p a
Ž . r 0 r 0 rr rb The induced map y ? p : B q pm “ B q p y ? m is the same asp p
the translation T r for all m g X and y g W ;p Ž y?mym . a
Ž . 1 ¤s s rc For any x g E and y g W , x g y ? C if and only if x gp p p
Ž . rq sf y ? C for any nonnegati¤e integer s.r p
Proof. Note that W is generated by s for a g R and m g Z. Wea a , m
can assume that y s s . For x g E with x s x 0 q pr x1 such that x 0 ga , m
B0r and x1 g X, we havep
s r x¤ r s pr y 1 r q pr s ? x1Ž .Ž . Ž .a , m? p p a , m
s pr y 1 r q pr s x1 q r y r q maŽ . Ž .Ž .a
s yr q s pr x1 q r q prmaŽ .Ž .a
s s pr x1 q pr y 1 r q r y r q prmaŽ .Ž .a
s s r ? pr y 1 r q pr x1 s f s ? x¤ r . 1.3Ž . Ž . Ž .Ž . Ž .a , m p r a , m p
Ž . Ž .This proves a . Part b is immediate from the definition of the action of
r Ž . 1 y1 1 ² y1 1s sy ? p . To prove c , if x g y ? C then y ? x g C , i.e., 0 - y ? x qp p
: s q Ž .r, a - p for all a g R . On the other hand, by a , we have
f yy1 ? x¤ r s yy1 ? r x¤ r s pr y 1 r q pr yy1 ? x1.Ž .Ž .r p p p
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Thus
² y1 ¤ : ² r 4 y1 1 : r² y1 1 :rf y ? x q r , a s pr q p y ? x , a s p y ? x q r , aŽ .r p
1.4Ž .
q y1 1 Ž y1 . ¤s rfor all a g R . Therefore, y ? x g C if and only if f y ? x gp r p
Ž .rq sC . This proves c .p
Ž . 1 sIn particular, the above proof of c also shows that x is p -regular if
and only if x¤ r is prqs-regular.p
LEMMA 1.8. Suppose m s m0 q prm1 g X such that m1 is p-regular. If the
rq1 Ž ¤ . Ž r . rŽ 1 .rq 1 r rp -alco¤e A m contains the set W ? X y pr q p m q r , thenp p p
 r < 4 rq1the set y ? p m y g W intersects e¤ery p -alco¤e with exactly one element.p
Proof. We first observe that the conditions depend on m1 only. The
Ž Ž r . rŽ 1rq 1 rassumption implies that for any z g W , z ? W ? X y pr q p m qp p
.. rq1 Ž ¤ .rq 1 rr is contained in the p -alcove z ? A m . For y s T w g W withp p pb p
w g W and b g Z R, we have
y ? r m s m0 q pr w ? m1 q pbŽ .p
s m0 q w prm1 q prr y prr q prq1bŽ .
s m0 y prr q w pr m1 q r q prq1bŽ . Ž .Ž .
s w ? wy1 ? m0 y prr q pr m1 q r q prq1bŽ . Ž .Ž .
s f y ? wy1 ? m0 y prr q pr m1 q r . 1.5Ž . Ž .Ž . Ž .Ž .r
Ž . r Ž . Ž ¤ .rq 1 rq1 rNote that f y g W and we have y ? p m g f y ? A m . Sincer p r p p
Ž .rq 1f : W “ W is an isomorphism of Coxeter groups, y ‹ f y ?r p p r
¤Ž .rq 1 rA m is a bijection. Thus the lemma follows.p p
1.9. For later use, we can extend the action of the groups W r on X top
Ž .actions on the set of all functions on X with values in any fixed set . Let f
be a function on the set X and y g W . If y) l is any one of the actionsa
of W on X we discussed, we define y) f as a new function such thata
Ž .Ž . Ž y1 .y) f l s f y ) l for all l g X. If l g X, we use l q f to denote
Ž .Ž . Ž . rthe function l q f x s f x y l for all x g X. We also use p ? f to
Ž r .Ž . Ž r . rdenote the function p ? f x s f xrp , to distinguish with the scalar p
Ž .multiplying the function f by multiplying the values at each point . If a
real valued function is only defined on a subset of X, we can naturally
extend the function on X by letting the value be zero outside the original
domain. If f and g are two real valued functions on X, f G g means that
Ž . Ž .f l G g l for all l g X.
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2. MODULES ARISING FROM QUANTUM GROUPS
Ž .2.1. Let U be the quantum enveloping algebra over C q , the field ofq
rational functions, generated by E , F , K " for i s 1, . . . , l with relationsi i i
Ž w xrelated to the Cartan matrix of the root system R. See Lu5 for the
.detailed defining relations. Here we have fixed an enumeration in the set
 4of simple roots D s a , . . . , a such that E and F correspond to the1 l i i
roots a and ya , respectively.i i
w y1 x Ž .Let A s Z q, q be the subring of C q . For each n, d g N, we define
w x Ž dn ydn. Ž d yd. w x! n w xn s q y q r q y q and n s Ł i . Here we have usedd d is0 d
w x  4the convention that 0 s 1. Let d , d , . . . , d be a sequence of integersd 1 2 l
Ž ² :.without common divisors such that the matrix d a , a is a symmetricj i j
Žn. n w x! Žn.matrix. Set E s E r n for all i and n g N. F can be definedi i d ii w xsimilarly. Lusztig has shown in Lu5 that the A-subring U of U ,A q
generated by EŽn., F Žn., K " for all n g N and i s 1, . . . , l, is an A-formi i i
in U .q
For any commutative A-algebra B, we use U to denote the B-algebraB
B m U . For a fixed prime p and r g N, let j g C be a fixed primitiveA A
r Ž .p th root of 1. The natural ring homomorphism A “ C q ‹ j makes C
an A-algebra. We will use U to denote the C-algebra U . Let B be thej C r
w x Ž .localization of the ring Z j at the maximal ideal j y 1 . Then B is ar
discrete valuation ring. B is an A-subalgebra of C. The B -algebra U isr r Br
a B -form in U .r j
2.2. For each l g X , there exists a unique finite dimensional irre-q
Ž .ducible U -module L l of type 1 with highest weight l, i.e., there existsq q
q Ž . q di²l, a i: q Žn. q¤ g L l such that K ¤ s q ¤ and E ¤ s 0 for all i andq i i
Ž . q Ž .n ) 0. L l s U ¤ is a U -invariant A-lattice in L l . The U -moduleA A A q j
Ž . Ž .rV l s C m L l is called the quantum Weyl module, which is ap A A
universal highest weight module in the category of integrable modules of
Ž .rtype 1, with a unique simple quotient, denoted by L l , which is also ap
w xhighest weight module Lu2, Lu1 .
q Ž .rWe still use ¤ to denote a highest weight vector in L l . Thusp
Ž . q Ž .rL l s U ¤ is a B -lattice in L L . On the other hand, for an fixedB B r pr r
algebraically closed field k of characteristic p, the natural ring homomor-
phism A “ k sending q to 1 factors through the homomorphism B “ k,r
which sends j to 1. We have the isomorphism of k-algebras k m U ( kA A
Ž . Ž .rm U , which we denote by U . Then L l s k m L l is a U -mod-B B k p B B kr r r rw xule. Lusztig Lu5, Lu2 has shown that the quotient of U , modulo thek
rp Ž .rideal generated by the central elements K y 1 acting on L l as zero,i p
Ž .is isomorphic to the distribution algebra Dist G of the connected and
simply connected semisimple algebraic group G corresponding to the root
Ž . w xrsystem R. Thus L l is a rational G-module Jan, II 1.20 .p
ALGEBRAIC GROUPS AND QUANTUM GROUPS 283
Ž .2.3. For l g X , the Weyl module V l for the algebraic group G canq
Ž . Ž .be constructed from the quantum group U . In fact V l s k m L lq A A
Ž . Ž .since U s k m U . On the other hand since V l s B m L l sk A A B r A Arq Ž . Ž . Ž .rU ¤ is a B -lattice in V l , V l is also isomorphic to k m V l .B r p B Br r r
Our main interest is to go through the reduction process with respect to
 4the modular system C, B , k from the representations of U to ther j
Ž .rrepresentations of G. Through the construction of the G-module L l ,p
Ž . Ž .rwe can see that L l is a quotient of the Weyl module V L , and thep
Ž .simple G-module L l is isomorphic to the unique simple quotient of
Ž .rL l .p
2.4. A natural question is how much we know about the structure of the
Ž . Ž .r rG-module L l . First of all, the character of L L , as an element of thep p
w x Ž .rgroup ring Z X , is the same as that of L l , which can be calculatedp
w xfrom Lusztig's quantum conjecture Lu1 .
Ž .r rWhen r s 1, Lusztig conjectured that L l is irreducible for all l g Xp p
w x w xLu2 . This conjecture is proved by Andersen et al. AJS when p is large
enough. However, no specific bound has been found for what it means for
Ž .rp to be large enough. For r s 1, we will see later that the modules L lp
are not new and they are the dual modules of the induced G-modules from
Ž .rthe irreducible G B-modules. When r ) 1, the modules L l 's are new1 p
and will have an important role in the study of the structure of the Weyl
modules.
Ž . Ž .r rLEMMA 2.5. For l g X , if l g C , then L l s V l .q p p
Ž .rThe lemma is immediate if one realizes that V l is irreducible for allp
rl g C by using the strong linkage principle for quantum groups at rootsp
Ž w x.of 1 see APW1 .
Ž .2.6. Let U g be the enveloping algebra of the complex semisimple Lie
Ž .algebra g. Lusztig has constructed a Frobenius morphism U “ U gj
which is a homomorphism of Hopf algebras with kernel being the ideal
w x Ž .generated by E , F , and K y 1 Lu2, Lu5 . U g can also be regarded asi i i
the quotient Hopf algebra of U with respect to the normal Hopf subalge-j
bra u, which is the finite dimensional subalgebra of U generated byj
" Ž .E , F , K . For any l g X , let L l be the irreducible g-module ofi i i q C
Ž .highest weight l. Any finite dimensional U g -module M is automatically
a U -module, denoted by M Ž1., via the above Hopf algebra homomorphism.j
Ž .Ž1.In particular, L l is an irreducible U -module.C j
For any l g X, write l s l0 q prl1 with l0 g X r. If l g X , Lusztig'sp q
w x Žtensor product theorem Lu1 an analog of the Steinberg tensor product
.theorem says that
Ž .10
r rL l ( L l m L l . 2.1Ž . Ž . Ž . Ž .p p C
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0 1 Ž r .Ž . Ž . Ž .r rTHEOREM 2.7. For any l g X , L l ( L l m V l . Hereq p p
Ž 1.Ž r . Ž 1.V l is the Frobenius twist of the Weyl module V l through the Frobe-
nius homomorphism Fr r : G “ GrG ( G.r
q q Ž 0.rProof. If ¤ and ¤ are the highest weight vectors of L l and0 1 p
Ž 1. q q Ž . Ž .rL l , then ¤ m ¤ is a highest weight vector of L l , and L l (C 0 1 p Br
Ž 0. Ž g Ž 1..Ž1. w xL l m L l by using a PBW basis constructed by Lusztig Lu5B Br r
g Ž 1. Ž . q Ž Ž1.. Ž .for U . Here L l is the B -lattice U g ¤ in L l and U g isj B r B 1 C Br r r
Ž .the Kostant B -form in U g . The theorem will follow if we show thatr
g Ž 1.Ž1. Ž 1.Ž r . g Ž 1.Ž1. Žn.k m L l ( V l . In fact, on k m L l , the images of EB B B B ir r r r
and F Žn. in U act as zero for 0 - n - pr. This shows that the distributioni k
g Ž 1.Ž1.algebra of the Frobenius kernel G acts trivially on k m L l . Thusr B Br r
g Ž 1.Ž1. Ž r .G acts trivially on k m L l , which has to be of the form N forr B Br r
g Ž 1.some GrG -module N. However, as a GrG -module, k m L l is ther r B Br r
Weyl module through the construction.
The above theorem shows that to understand the structure of the
Ž . Ž .r r rmodule L l , the first step is to understand L l with l in X . It is notp p p
Ž .r rclear that all composition factors of L l with l g X have highestp p
weights in X r. However, we will see later that this will be the case under ap
certain generic condition on l.
w x2.8. The proof of the following facts can be easily read from CR and
w xfrom the argument in Wo .
v For any finite dimensional U -module M of type 1, any U -in-j Br
variant B -lattice M in M is a direct sum of the weight spaces, i.e.,r Br
M s [ M l M , 2.2Ž .B l Blg Xr r
and M l M is a B -lattice in M .l B r lr
v w x Ž .As elements of Z X , we have ch M s ch k m M . Thus theB Br r
character of the G-module k m M is independent of the choice of theB Br r
lattice M .Br
v Ž .For each simple G-module L l , the decomposition multiplicity
w Ž .xk m M : L l is independent of the choice of the lattice M .B B Br r r
2.9. For each of the algebras U , U , or the algebraic group G, the set ofj q
Ž .irreducible modules up to isomorphism is parameterized by the set X . ifq
M is a module for one of these algebras or the group G, we will denote by
w x w xŽ .M the function X “ Z setting M l to be the multiplicity of theq
w xirreducible module of highest weight l in M and by M the support ofq
w x w xthe function M . Note that M is different from the characters and its
values depend on whether M is a module for one of the two algebras or
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for the algebraic group G which should be clear from the context.
Determining the decomposition pattern of the module M means determin-
w xing the values of the function M at each l g X .q
In particular, for l g X , we can choose a composition series ofq
U -modulesj
0 s N : N : ??? : N s V r lŽ .0 1 t p
Ž .rand a U -invariant B -lattice M in V l such that M s M l N andB r p i ir
Ž .rMrM are B -lattices of N and V l rN . Using Subsection 2.8, we geti r i p i
r r rV l s V l : L m L m . 2.3Ž . Ž . Ž . Ž . Ž .Ý p p p
mgXq
3. prq1-GENERIC WEIGHTS
w x Ž .r3.1. It is proved in APW1 that the quantum Weyl module V l has ap
Jantzen filtration
0 1
r r rV l s V l = V l = ??? 3.1Ž . Ž . Ž . Ž .p p p
Ž . Ž . Ž .1r r rsuch that L l s V l rV l andp p p
j r
rch V l s x s ? l q mp a . 3.2Ž . Ž .Ž .Ž .Ý Ý Ýp a
q rj)0 ² :agR 0-mp - lqr , a
Ž . Ž .Here x l is the Euler character as T-module of the line bundle induced
from the weight l on the flag variety GrB.
Ž . 1 Ž .1r rTake a U -lattice, M, of V l such that M s M l V l is a directB p pr
1 Ž .1rsummand of M as a B -module. Then M is a B -lattice in V l andr r p
1 Ž .rMrM is a B -lattice of L l . Hence we have the following exactr p
sequence of G-modules
0 “ k m M 1 “ k m M “ k m MrM 1 “ 0. 3.3Ž .Ž .B B Br r r
1w Ž .x w Ž .x w xrTherefore we have, as functions on X , V l s L l q k m M .q p Br
3.2. DEFINITION. Let l, m g X. We say m is strongly pr-linked to l,
denoted by m› r l, if there is a sequence l s l , l , . . . , l s m such thatp 0 1 t
r q r ² :l s s ? l q mp a for some a g R and mp F l q r, a for alli a iy1 i i i ii
i s 1, . . . , t.
Note that if m is strongly pr-linked to l, then m is also strongly ps
linked to l for all 0 - s F r.
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Ž . w Ž .xrThe sum formula 3.2 shows that if m g V l then m is stronglyp q
pr-linked to l. This is called the strong linkage principle for the quantum
w xgroups at the roots of 1 APW1 .
LEMMA 3.3. Let l, m g X . If m is not strongly p-linked to s r ? l forq a , p m
q r ² : rŽ . w Ž . Ž .xall a g R with p m - l q r, a F p m q 1 , then V l : L m s
w Ž . Ž .xrL l : L m .p
Ž . w 1 Ž .xProof. By the sum formula 3.2 , we have K m M : L m s 0 byBr
considering the characters and the strong p1-linkage principle for Weyl
modules.
Ž .In general, by 2.3 , for l, m g X we haveq
r r rV l : L m s V l : L n L n : L m . 3.4Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý p p p
ngXq
DEFINITION. A weight l g X is called prq1-generic if m¤ r g A rq 1q p p
Ž . w Ž .xr rq1y ? l for all m g V y ? l and y g W such that y ? l g X .p q p q
If l s l0 q prl1 with l0 g X r , then l is prq1-generic if for m s m0 qp
r 1 w Ž .x 1 ŽŽ .1.rpm g V y ? l , m g A y ? l by Lemma 1.7. It follows from thep q p
definition that the prq1-generic condition on l depends only on the
W rq 1-orbit of l under the dot action.p
Let u be the finite dimensional Hopf subalgebra of U generated byj
"1 w xE , F , K . By Lusztig Lu5 , u is a normal Hopf subalgebra of U . For anyi i i j
m g X, we denote by m the 1-dimensional U 0-module of weight m. Let
Ž . uU F 0 0 Ž 0.r F 0 r rZ m be the induced module Ind m. For m g X , L m remainsp U p p
irreducible when restricted to u. The irreducible uU F 0-modules are
Ž 0. r 1 Ž w x Ž . .r rL m m pm with m g X. See Lin1 for more details about Z m .p p
w Ž .x F 0rWe can regard Z m as a function on X since the simple uU -mod-p
Ž . Ž 0. r 1r rules are parameterized by X. Furthermore, let Q m s Q m m pmp p
0 Ž 0. r 1 Ž 0.r rbe the uU -injective hall of L m m pm . Here Q m extends to ap p
w xU -module structure APW2, Lin1 . By considering the highest weights ofj
Ž 0. w xrthe U -composition factors of Q l , a similar calculation as in Lin3, 2.7j p
0 r 1 Ž . ² 1 :will show that each l s l q p l g X with 5 h y 1 - l q r, a F pq
Ž . rq1y 5 h y 1 is p -generic as we defined above. Here h is the Coxeter
number of the root system R. Therefore, all y ? l g X with y g W rq 1q p
are prq1-generic. In general, the definition of prq1-generic l g X doesq
w Ž .x rq1r rq1not imply that all weights m g V y ? l are in the p -alcove Ap q p
Ž .y ? l . Examples can be easily found for the root system A when l is in2
2 ² k: 2the second p -alcove close to the alcove wall x q r, a s p . One can0
impose a stronger condition such that both m and m¤ r are in the samep
prq1-alcove. Then better results can be obtained.
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PROPOSITION 3.4. For any l g X , thenq
<r r rV l : m g X y ? m› f y ? l, ; y g W . 3.5Ž . Ž . Ž . 4p q p p r aq
² 1 : Ž .The equality holds when l q r, a ) 2 h y 1 .
w xProof. It follows from Lin2, Theorem 5.4 that
0 r 1 <rV l : m s m q pm g XŽ . p qq
m0 q pr w ? m1 y l1 l1 › r w ? l0 q prl1 , ;w g W . 3.6Ž .Ž . 4Ž . p
Ž r . Ž r .r rNote that for any l, m g X, m› l if and only if m q p n › l q p np p
q r ²rfor all n g X. In fact, if m s s ? l for some a g R and p m - l qa , p m
: r Ž r .rr, a then m q p n s s ? l q p n for all n g X. Using thisa , p Žmq²n , a :.
Ž .fact we see that the condition for m on the right hand side of 3.6 is
equivalent to w ?p r m› r w ? l for all w g W.p
For any y g W , we write y s T w with w g W and b g Z R. Thena b
Ž . rf y s T w. By using the above translation invariance of the strongr p b
r r Ž .rp -linkage relation once again, we have y ? p m› f y ? l if and only ifp r
w ? p r m› r w ? l. Thus the first statement holds. The second part followsp
w x w Ž .xfrom Lin1, Corollary 6.4 using a quantum analog of Jan, II 11.14 2 .
Note that f : W “ W r is an isomorphism of groups which also inducesr a p
an isomorphism f : W “ W rq 1. The proof of the above proposition alsor p p
shows
COROLLARY 3.5. If l g X is prq1-generic, thenq
<r r rV l s m g X y ? m› f y ? l, ; y g W . 3.7Ž . Ž . Ž . 4p q p p r aq
0 Ž . Ž 0. r 1r rProof. Consider the uU -module Z l s Z l m p l with the de-p p
0 r 1 w xcomposition l s l q p l . Then Lin2, Theorem 5.4 shows that
0 r 1
r rZ l : L m m pm / 0Ž . Ž .p p
if and only if y ? r m› r f y ? l, ; y g W . 3.8Ž . Ž .p p r a
We can choose b g Z R such that l q prq1b g X is in generic positionq
Ž ² 1 : Ž .for the quantum group U for example, if l q pb q r, a ) 2 h y 1j
. Ž w x. 0 r 1for all positive roots a see Lin1 . For any m s m q pm g X such that
w Ž . Ž 0. r 1 x w x Ž .r rZ l : L m m pm / 0, by Lin1, Corollary 6.4 and 3.8 we havep p
rq1 0 r 1
r rZ l q p b : L m m p m q pbŽ . Ž . Ž .p p
rq1 0 r 1
r rs V l q p b : L m q p m q pb / 0.Ž . Ž .Ž .p p
ZONGZHU LIN288
The prq1-generic condition on l implies that l q prq1b is also prq1-
generic. Thus m1 q pb and l1 q pb are in the same p-alcove. Hence l1
and m1 are in the same p-alcove as well. In particular m1 g X . Thus byq
w xLin1, Corollary 6.4 again
0 r 1 0 r 1
r r r rZ l : L m m pm s V l : L m q pm .Ž . Ž .Ž . Ž .p p p p
w xNow the corollary follows from Lin1, Corollary 6.4 .
rq1 r w Ž .xrCOROLLARY 3.6. If l g X is p -generic, then y ?p V l sq p
w Ž Ž . .x Ž .rV f y ? l for any y g W with f y ? l g X .p r p r q
Proof. This is a direct consequence of Corollary 3.5.
0 0w Ž .xCOROLLARY 3.7. Suppose that L l : X for all l g X . If l g Xp q p p q
is p2-generic, then
2L l G V l . 3.9Ž . Ž . Ž .p p
Proof. Suppose w g W 2 such that w ? l g X , w ? l / l, and w ? lp q
› 2 l. Since l is p2-generic, so is w ? l. If m g X such thatp q
w Ž . Ž .x ¤ 2 Ž . w Ž .2V l : L m / 0, then m is in the p -alcove A l . If V w ? l :p p p p
Ž .x 0 1L m / 0, then there exists n s n q pn such that y ? n › yw ? lp p
w Ž . Ž .x Ž .for all y g W and by Corollary 3.5 and L n : L m / 0. But L np p p
0 1Ž . Ž .( L n m V n . By the Steinberg tensor product theorem, we havep
1 1 ¤ ¤ ¤ Ž . Ž .2 2 2 2m › n . Then m › n . But n g A w ? l s w ? A l and w ? l› l.p p p p p p p p
¤ ¤ Ž .2This contradicts the fact that m › n . Now using the sum formula 3.2p p p
w Ž . Ž .xwe will see that for any m g X , with V l : L m / 0, thenq p p
1w Ž Ž . . Ž .x w Ž . Ž .x w Ž . Ž .x2ch V l : L m s 0. Thus L l : L m s V l : L m Gp p
w Ž . Ž .xV l : L m .p p
Ž .In the next section we will see that the equality will hold in 3.9 , when
l1 satisfies the Jantzen condition, assuming that Lusztig's conjecture for
algebraic groups holds.
4. p2-GENERIC DECOMPOSITION PATTERN OF
WEYL MODULES
With respect to a fixed total order on X refining the partial order inq
Žw Ž . Ž .x.X , the infinite matrix V l : L m is a lower triangular matrixq l, m g Xq
Ž Ž . Ž ..with all 1's on the diagonal. Let L l : V m be the entries of the inverse
Žw Ž . Ž .x.matrix of the matrix V l : L m . Similarly we can definel, m g Xq
Ž Ž . Ž .. Žw Ž .r r rL l : V m as the entries of the inverse matrix V l :p p p
Ž .x.rL m . Let w g W be the unique longest element.p l, m g X 0q
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Ž w x.CONJECTURE 4.1 Lusztig's Conjecture for Algebraic Groups Lu7 .
² Ž . : Ž .Let l g C and w, y g W such that w l q r , a F p p y h q 2 forp p
all a g Rq. Then
Ž . Ž .l w yl y Ž p.L w ? l : V y ? l s y1 P 1 . 4.1Ž . Ž . Ž . Ž . Ž .Ž . w w , y w0 0
Ž p.Ž .Here P q are the Kazhdan]Lusztig polynomials associated to the Coxeterw , y
group W .p
² Ž . : Ž . qHere the condition w l q r , a F p p y h q 2 for all a g R is
called the Jantzen condition.
Ž w x.THEOREM 4.2 Lusztig's Conjecture for Quantum Groups Lu1 . Let
l g C r and w, y g W r. Thenp p
Ž . Ž . rl w ql y Ž p .
r rL w ? l : V y ? l s y1 P 1 . 4.2Ž . Ž . Ž . Ž . Ž .Ž .p p w w , y w0 0
Ž p r .Ž .Here P q is the Kazhdan]Lusztig Polynomial associated to the Coxeterw , y
group W r.p
w xThe proof of this conjecture can be found in KT1, KT2, Lu8, KL2 .
Ž w x.CONJECTURE 4.3 Lusztig's Dimension Conjecture Lu2 . For l g
Ž . Ž .X , dim L l s dim L l if p ) h.p k C p
w x Ž . ŽThis conjecture is proved in AJS for large p. When p G 2 h y 1 i.e.,
.all weights in X satisfies the Jantzen condition , Conjecture 4.1 andp
Conjecture 4.3 are equivalent. In the rest of this section, we will assume
Ž .that both conjectures hold and p G 2 h y 1 .
4.4. Recall that for any m s m0 q pm1, n s n 0 q pn 1 g X with n 0, m0q
w Ž . Ž .xg X , Lusztig's Dimension Conjecture implies that L m : L n sp p
w Ž 1. Ž 1.x 0 0V m : L n if n s m and zero otherwise by using Theorem 2.7 and
the Steinberg tensor product theorem. Thus we have
V l : L n s V l : L m L m : L nŽ . Ž . Ž . Ž . Ž . Ž .Ý p p p
mgXq
0 1 1 1s V l : L n q pm V m : L n . 4.3Ž . Ž . Ž .Ž . Ž .Ý p p
1m gXq
2 1 Ž 1.We now assume that l is p -generic and then m g A l wheneverp
w Ž . Ž 0 1.x w Ž . Ž .xV l : L n q pm / 0. By the linkage principle, V l : L n / 0 im-p p
1 Ž 1. Ž 1.plies that there exists a unique m g W ? n l A l such thatp p
w Ž 1. Ž 1.x w Ž . Ž 0 1.x 1 y1 1V m : L n / 0 and V l : L n q pm / 0. Write m s y ? np p
w xfor some y g W . By using the translation principle Jan we havep
w Ž 1. Ž 1.x w Ž 1. Ž 1.xV m : L n s V l : L y ? l .
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PROPOSITION 4.5. Assume that Lusztig 's Conjecture 4.1 holds. For l g
w Ž . Ž .x 1 Ž 1.X , if V l : L m / 0 implies m g A l , thenq p p p
1 1V l s V l : L y ? l y ? V l . 4.4Ž . Ž . Ž . Ž .Ž .Ý p p
ygWp
Proof. Similar to the above argument we have
1 1 y1V l n s V l : L y ? l V l : L y ? nŽ . Ž . Ž . Ž .Ž . Ž .p p
1 1s V l : L y ? l y ? V l n . 4.5Ž . Ž . Ž . Ž .Ž . p p
1 Ž 1.Here y g W is uniquely determined by n g y ? A l . On the otherp p
hand, we can calculate the value of the function of the right hand side of
Ž .4.4 at n as
1 1V l : L y ? l y ? V l nŽ . Ž . Ž .Ž .Ý p pž /
ygWp
1 1 y1s V l : L y ? l V l : L y ? n . 4.6Ž . Ž . Ž .Ž . Ž .Ý p p p
ygWp
w Ž 1 . Ž 1 .xw Ž . Ž y 1 .xBy the assumption, V l : L y ? l V l : L y ? n / 0p p p
y1 1 Ž 1. 1implies y ? n g A l and such y g W is uniquely determined by n .p p
PROPOSITION 4.6. For each pr-regular l g X , y g W r , and s G 0, weq p
ha¤e
Ž . w Ž . Ž .x w ŽŽ s . s . Ž Ž .r r rqs rqsi V l : L y ? l s V p y 1 r q p l : L f y ?p p p p s
ŽŽ s . s ..xp y 1 r q p l ;
Ž . Ž s . s w Ž .x w ŽŽ s . 2 .xr rqsii p y 1 r q p ? V l s V p y 1 r q p l .p p
Proof. Note that the group homomorphism f : W r “ W rq s is ans p p
Žisomorphism of Coxeter groups i.e., f sends the Coxeter generators tos
.Coxeter generators and preserves the length functions . Therefore, we
Ž p r .Ž . Ž p rq s. Ž . rhave P q s P q for all y, w g W .w , y f Žw ., f Ž y . ps s
Write l s w ? l and y ? l s w ? l with l g C r and w , w g W r.1 0 2 0 0 p 1 2 p
Ž s . s Ž . ŽŽ s . s .rq sBy Lemma 1.7, p y 1 r q p l g C , and f y ? p y 1 r q p l0 p s
Ž s . ss p y 1 r q p y ? l.
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By Theorem 4.2, we have
L r w ? l : V r w ? lŽ . Ž .Ž .p 1 0 p 2 0
Ž . Ž . rr rl w yl w Ž p .p 1 p 2s y1 P 1Ž . Ž .w w , w w1 0 2 0
Ž Ž .. Ž Ž .. rq srq s rq sl f w yl f w Ž p .p s 1 p s 2s y1 P 1Ž . Ž .f Žw w . , f Žw w .s 1 0 s 2 0
s L rq s f w ? ps y 1 r q psl :Ž . Ž .Ž .Ž .Ž p s 1 0
V f w ? ps y 1 r q pslŽ . Ž .Ž .Ž . .p rqs s 2 0
s L rq s p s y 1 r q ps w ? l : V rq s p s y 1 r q ps w ? lŽ . Ž .Ž . Ž .Ž .p 1 0 p 2 0
s L rq s p s y 1 r q psl : V rq s p s y 1 r q ps y ? l . 4.7Ž . Ž . Ž .Ž . Ž .Ž .p p
The above holds for all pr-regular l g X and y g W r. Thus by takingq p
the inverse matrix we get
s s s s
r r rqs rqsV l : L m s V p y 1 r q p l : L p y 1 r q p mŽ . Ž . Ž . Ž .Ž . Ž .p p p p
4.8Ž .
Ž .for all m g X . Thus i follows.q
Ž . Ž .To show ii , we first note that, by Lemma 1.7 a and the linkage
rqs Ž .principle for quantum groups at p th roots of 1, both sides of ii are 0
Ž s . s Ž s . sat n unless n g p y 1 r q p X . For any n g p y 1 r q p X , usingq q
Ž .i we have
s s
rp y 1 r q p ? V l nŽ . Ž . Ž .Ž .p
s s
rs V l n y p y 1 r rpŽ . Ž .Ž .Ž .p
s s
r rs V l : L n y p y 1 r rpŽ . Ž .Ž .Ž .p p
s s
rq s rqss V p y 1 r q p l : L nŽ . Ž .Ž .p p
s s
rq ss V p y 1 r q p l n . 4.9Ž . Ž . Ž .Ž .p
Ž .Thus ii follows.
COROLLARY 4.7. Assuming Lusztig 's Conjecture for the algebraic group
G then for any l1 g X satisfying the Jantzen condition, we ha¤eq
0 r 1 1 1
rq 1 rq1V l q p l : L f y ? l s V l : L y ? l 4.10Ž . Ž . Ž .Ž .Ž . Ž .p p r
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for all l0 g X r such that l0 q prl1 and l¤ r are in the same prq1-alco¤e andp p
all y g W such that y ? l1 g X .p q
Ž . Ž . ¤ rProof. By the assumption, f y ? l and f y ? l are in the samer r p
prq1-alcove. By the translation principle and Proposition 4.6, we have
rq 1 rq1V l : L f y ? lŽ . Ž .Ž .p p r
r r 1 r r 1
rq 1 rq1s V p y 1 r q p l : L f y ? p y 1 r q p lŽ . Ž . Ž .Ž . Ž .Ž .p p r
1 1s V l : L y ? l . 4.11Ž . Ž .Ž .p p
Since l1 satisfies the Jantzen condition, then Lusztig's dimension conjec-
w Ž 1. Ž 1.x w Ž 1. Ž 1.xture implies that V l : L y ? l s V l : L y ? l . Hence the corol-p p
lary follows.
THEOREM 4.8. Suppose that Lusztig's conjecture for the algebraic group
holds. If l s l0 q pl1 g X is p2-generic such that l1 satisfies the Jantzenq
condition, then
2L l s V l . 4.12Ž . Ž . Ž .p p
Proof. Since l is p2-generic, l and l¤ are in the same p2-alcove. Byp
Proposition 4.5 and Corollaries 4.7 and 3.6, we have
1 1V l s V l : L y ? l y ? V lŽ . Ž . Ž .Ž .Ý p p
ygWp
2 2s V l : L f y ? l y ? V lŽ . Ž . Ž .Ž .Ý p p 1 p p
ygWp
2 2s V l : L f y ? l V f y ? l . 4.13Ž . Ž . Ž . Ž .Ž . Ž .Ý p p 1 p 1
ygWp
On the other hand, we have the decomposition
0 2 1 0 2 1
2 2 2V l s V l : L m q p m L m q p mŽ . Ž . Ž . ŽÝ p p p
mgXq
2 2 2s V l : L f y ? l L f y ? l . 4.14Ž . Ž . Ž . Ž .Ž . Ž .Ý p p 1 p 1
ygWp
Since l is p2-generic, by Corollary 3.7 we have
2 1L f y ? l G V f y ? l 4.15Ž . Ž . Ž .Ž . Ž .p 1 p 1
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Ž . Ž . Ž .for all y g W such that f y ? l g X . By comparing 4.13 and 4.14p 1 q
Ž . w Ž Ž . .x w Ž Ž . .x2together with 4.15 , we get V f y ? l s L f y ? l for y g Wp 1 p 1 p
Ž . 2such that f y ? l› l.1 p
2 w Ž .x2 2 2COROLLARY 4.9. If l g X is p -generic, then L l : X .p p q p
0 1 1 Ž2Proof. Since l s l q pl g X , we have l g X . Since p G 2 h yp p
.1 , all weights in X satisfy the Jantzen condition. Now the corollary willp
2follow from the theorem since l is p -generic.
Ž .2CONJECTURE 4.10. With l as in Theorem 4.8, the G-module L l hasp
Ž .the same module structure as the quantum Weyl module V l .p
Ž . Ž .2Clearly both L l and V l have unique simple quotients of the samep p
highest weight l.
5. HIGHER POWER OF p
In this section we will extend the results of Section 4 and study the
Ž . Ž .rdecomposition of L l for r ) 2. We will assume that p G 2 h y 1 sop
that all weights l g X rq 1 have the decomposition l s l0 q prl1 withp
l0 g X r such that l1 g X satisfies the Jantzen condition. For m g X,p q
when we write m0 and m1, we mean that they are as in the decomposition
m s m0 q prm1 for the fixed r.
PROPOSITION 5.1. If l g X is prq1-generic, then l q prq1n is alsoq
prq1-generic for all n g X with l q prq1n g X .q
w Ž rq1 .x rrProof. Suppose m g V l q p n . By Proposition 3.4, y ? pp q
Ž . Ž rq1 .rm› f y ? l q p n for all y g W . For any y g W , we write y s T wp r a a b
with w g W and b g Z R. Then
f y ? l q prq1n s w ? l q prq1 w n q prbŽ . Ž .Ž .r
s f y ? l q prq1 w n ;Ž . Ž .r 5.1Ž .
y ? r m y prq1n s m0 q pr y ? m1 y pn s y ? r m y prq1 w n .Ž .Ž . Ž .p p
r Ž . Ž rq1 . r ŽrThus for each y g W , y ? p m› f y ? l q p n if and only if y ? p ma p r
rq1 . Ž . Ž . rq1 w Ž .xr ryp n › f y ? l . Therefore, m y p n g V l by Corollary 3.5.p r p q
rq1 ¤ rq1 Ž rq1 .¤ Ž .r r rq1Since l is p -generic, we have m y p n s m y p n g A l .p p p
¤ Ž . rq1 Ž rq1 . rq1 rq1r rq1 rq1Thus m g A l q p n s A l q p n and l q p n is p -p p p
generic.
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0 1 r r i Ž .COROLLARY 5.2. If l s l q pl q ??? qp l , with l g X for all i ,p
is p s-generic for some 2 F s F r q 1, then l s l0 q ??? qpili g X iq1 isiq1 p
also ps-generic for i G s.
Ž iq1 ry iy1 r .Proof. Let n s y l q ??? qp l . Then l s l qiq1 iq1
s iq1ysŽ .p p n . Now the corollary follows from the proposition.iq1
THEOREM 5.3. Assume that Lusztig 's conjecture holds for the algebraic
group. For l g X rq 1 such that l is pi-generic for all i s 2, . . . , r q 1, thenp
Ž . w Ž .xrq 1 rq1i L l : X ;p q p
0 1 Ž r .Ž . w Ž .x w Ž .xŽ .w Ž . Ž . xrq 1 r rii L l s Ý V l m L m m L m .p m g X p pq
Ž . Ž .Proof. We will use induction on r to prove i and ii at the same time.
The previous section showed the theorem holds for r s 1. We now assume
that r ) 1 and the theorem has been proved for r y 1. Consider the
Ž Ž . .following decomposition see 3.4 in Section 3 and Theorem 2.7
Ž .r0 1
r r rV l s V l : L m L m m V m . 5.2Ž . Ž . Ž . Ž .Ž . Ž .Ý p p p
mgXq
w Ž . Ž .xr r rLet m g X such that V l : L m / 0. There exists y g W suchq p p p
that m s y ? l. Since l is pi-generic for i s 2, . . . , r q 1, then m is pi-
generic for all i s 2, . . . , r. In particular, m0 is pi-generic for i s 2, . . . , r
Ž .by Corollary 5.2. By the induction assumption and i for r y 1, we have
0 0 r 1w Ž .xr rL m : X . Thus for any n s n q p n g X , by using the Steinbergp q p q
tensor product theorem, we have
Ž . Ž .r r0 1 0 1
rL m m V m : L n m L nŽ . Ž .Ž . Ž .p
0 0 1 1
rs L m : L n V m : L n .Ž . Ž .Ž . Ž .p
rq1 1 Ž 1. Ž .Further since l is p -generic, m g A l . Therefore, by 5.2 , forp
w Ž . Ž .x 1 Ž 1.each n with V l : L n / 0, there exists a unique m g A l such thatp
1 1 w Ž 1. Ž 1.xn s y ? m for a unique y g W and V m : L n / 0 by the linkagep
w x Ž .principle And3 , Theorem 2.7, and 5.2 . Further by the translation princi-
w x w Ž 1. Ž 1.x w Ž 1. Ž 1.xple And1 , we have V m : L y ? m s V l : L y ? l . By the as-
sumption on p, l1 also satisfies the Jantzen condition. Therefore, by using
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Corollary 4.7, we have
V l : L nŽ . Ž .
0 r y1 1 0 0
r r rs V l : L m q p y ? n L m : L nŽ . Ž .Ž . Ž .Ý p p p
0
rm gx p
1 1= V l : L y ? lŽ . Ž .
y1 0 r 1 0 0
r r rs V l y ? m q p n L m : L nŽ . Ž .Ž . Ž .Ž .Ý p p p
0
rm gX p
rq 1 rq1= V l : L f y ? lŽ . Ž .Ž .p p r
0 r 1
r r rq1 rq1s y ? V l m q p n V l : L f y ? lŽ . Ž . Ž .Ž .Ž .Ý p p p p r
0
rm gX p
0 0
r= L m : L nŽ .Ž .p
rq 1 rq1 r rs V l : L f y ? l y ? V l mŽ . Ž . Ž . Ž .Ž .Ý p p r p p
mgXq
Ž .r0 1
r= L m m L m : L n . 5.3Ž . Ž .Ž . Ž .p
In the above, we have used the Steinberg tensor product theorem once
r w Ž .xragain in the last equality. Further by using Corollary 3.6, y ? p V l sp
w Ž Ž . .xrV f y ? l , we havep r
rq 1 rq1V l s V l : L f y ? lŽ . Ž . Ž .Ž .Ý p p r
ygWp
Ž .r0 1
r r r= V f y ? l m L m m L m . 5.4Ž . Ž . Ž .Ž . Ž .Ž .Ý p p pž /
mgXq
By the Jantzen sum formula for quantum groups at a prq1-root of 1 in
Ž .3.2 , we claim
Ž .r0 1
rq 1 r rL f y ? l G V f y ? l m L m m L m .Ž . Ž . Ž .Ž . Ž . Ž . Ž .Ýp r p r p
mgXq
5.5Ž .
ŽIn fact, we can assume that y s 1 we will not use the fact that l is in
. Ž . 1rq 1 rq1X . Let M be a U -invariant B -lattice in V l such that M s Mp B r pr
1 1 1Ž . Ž .rq 1l V l is a lattice direct summand of M as in 3.3 . Set M s k m M .p Br
1w Ž .xBy the sum formula 3.2, if M : L n / 0, then there exists w g W andp
Ž . Ž . w Ž Ž .rq 1 rm g X such that l / f w ? l g X , f w ? l› l, and V f w ?q r q r p p r
i. Ž .xw Ž . Ž .x Ž .r rl : L m L m : L n / 0. Since f w ? l is p -generic for all i sp p r
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Ž Ž . . r2, . . . , r q 1 and m s w ? f w ? l for some w g W , the definition of1 1 1 p
pi-generic condition and Corollary 5.2 imply that m0 is also pi-generic for
0w Ž .xr rall i s 2, . . . , r. The induction hypothesis shows that L m : X .p q p
Hence,
0 0 1 1
r rL m : L n s L m : L n V m : L n / 0,Ž . Ž . Ž . Ž .Ž . Ž .p p
and n 1 › m1.p
0 1 Ž r . 1 1w Ž . Ž . xrOn the other hand, if n g L m m L m , then n s m . Thusp q
¤ ¤ Ž . rq1 1 Ž 1.r r rq1n s m g A l since l is p -generic. Thus n g A l , wherep p p p
l s l0 q prl1 with l0 g X r. This contradicts the fact that n 1 › m1, m1 gp
1 1 1 1 1Ž . w Ž .xA w ? l , and l / w ? l › l . This shows that M : L n s 0 for allp
0 1 Ž r .w Ž . Ž . x w Ž Ž . . Ž .xr r rn g L m m L m , with V f y ? l : L m / 0. Thus, if n isp q p r p
Ž . w Ž . Ž .xrq 1in the support of the right hand side of 5.5 then L l : L n sp
w Ž . Ž .x Ž . Ž .V l : L n and 5.5 follows from 5.2 .
Ž .Now by comparing the two decompositions of the Weyl module V l in
Ž . Ž . Ž .2.3 for r q 1 and 5.4 together with 5.5 , we have
Ž .r0 1
rq 1 r rL f y ? l s V f y ? l m L m m L mŽ . Ž . Ž .Ž . Ž . Ž . Ž .Ýp r p r p
mgXq
5.6Ž .
w Ž . Ž Ž . .xrq 1 rq1for all y g W such that V l : L f y ? l / 0. In particular, forp p p r
y s 1,
0 r 1
rq 1 r rq1L l : D L m q pm : X .Ž . Ž .½ 5p m gwV Žl.x p pq r q qp
rq1 Ž r . r 1Here we have used the fact that l is p -generic and p y 1 r q pm g
Ž .rq 1 rq1A l : X .p p
Ž . rNote that ii still holds when the condition l g X is replaced byp
l s l0 q prl1 with l1 satisfying the Jantzen Condition.
Ž .For a given G- or U - module M such that all highest weights of itsj
Ž .rcomposition factors are in one single W - or W - orbit, we write thep p
w x Ž .decomposition pattern M for G or for U by assigning to each p-alcovej
Ž r .or p -alcove A the multiplicity of the simple module with highest weight
in A. Assume that we have computed all decomposition patterns of the
0 0Ž . Žr rL m for all m g X . For l g X satisfying the above conditions i.e.,p p q
i .sufficiently far from all p -alcove walls for i s 2, . . . , r q 1 , to compute
Ž . Ž .rq 1the decomposition pattern of L l , one can use ii of the theorem asp
follows.
Ž . Ž .r1 One first writes down the decomposition pattern of V l which,p
theoretically, can be figured out using Kazhdan]Lusztig polynomials
w Ž .xr rthrough the affine Weyl group W -action. The support of V l shouldp p
r rq1 Ž .rq 1have all upper p -vertices in the p -alcove A l .p
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Ž . r2 In each of the p -alcoves with nonzero numbers, locate the
image m of l under W r-action. Multiply each of the numbers in thep
0Ž . w Ž . Ž .xr r rdecomposition pattern of L m by V l : L m and then translatep p p
the result so that the highest weight is m.
Ž .In Fig. 1 we show how the decomposition pattern of V l for A is done2
Ž .3using the module L l when p s 7 when l is in generic position insidep
C 4 . The smallest triangles are p-alcoves and the darkened p-alcovesp
contain a highest weight of a composition factor. The decomposition
3Ž .3pattern of L l is a cluster in a p -alcove consisting of nine smallp
clusters in nine p2-alcoves.
Ž . Ž .4 3FIG. 1. The decomposition pattern of V l in C using the decompositions of L m .p p
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DEFINITION . A weight l g X is fully in a prq1-alcove if X r q prm1q p
Ž . w Ž .xrq 1 r: A l for all m g V l .p p q
COROLLARY 5.4. Suppose that l is as in the theorem and fully in a
rq1 w Ž .x Ž .rq 1 rq1p -alco¤e. Then L l : A l .p q p
0 r 1 w Ž .x 0 irProof. For m s m q pm g V l , by Corollary 5.2, m is p -genericp q
0w Ž .xr rfor all i s 2, . . . , r. Thus the theorem implies that L m : X . Hencep q p
0 1 Ž r . r 1 rq1 r 1w Ž . Ž . xr r rL m m L m : X q pm . Since l is p -fully then X q pmp q p p
Ž .: A l . Thusprq1
Ž .r0 1
rq 1 rL l : D L m m L mŽ . Ž . Ž .p m gwV Žl.x pq r qp q
: D X r q prm1 : A rq 1 l .Ž .Ž .mgwV Žl.x p prp q
5.5. In general, for l s l0 q prl1 such that l is pi-generic for i s
2, . . . , r, then l0 satisfies the conditions of the theorem by Corollary 5.2.
0w Ž .xr rHence L l : X . By Theorem 2.7, we have for any n g X ,p q p q
0 0 1 1
r rL l : L n s L l : L n V l : L n / 0 5.7Ž . Ž . Ž . Ž . Ž . Ž . Ž .p p
implies that n 1 s y ? l1 for some y g W . For each b g X and anyp
Ž .Ž . Ž .function f : X “ Z, recall from Subsection 1.9 that b q f x s f x y b
for all x g X. Thus for any n g X ,q
r 1 0 r 1 0 0 r y1 1
r r ry ? p l q L l n s p l q L l n q p y ? nŽ . Ž . Ž . Ž .ž / ž /p p p
0 0 r y1 1 1
rs L l n q p y ? n y lŽ . Ž .Ž .p
0 0 y1 1 1
rL l n if y ? n s l ,Ž . Ž .ps ½ 0 otherwise.
5.8Ž .
Therefore, we have
COROLLARY 5.6. If l g X is pi-generic for i s 2, . . . , r thenq
1 1 r 1 0
r r rL l s V l : L y ? l y ? p l q L lŽ . Ž . Ž .Ž .Ý ž /p p p
ygWp
1 1 r 1 0
rs V l : L y ? l p y ? l q L l . 5.9Ž . Ž . Ž .Ž .Ý ž /p
ygWp
5.7. When l1 satisfies the Jantzen condition, then
¤ ¤ r 1 0
r rq1 r rq1 r rL l s V l : L f y ? l p y ? l q L l .Ž . Ž . Ž .Ž . Ž .Ý ž /p p p p r p p
ygWp
5.10Ž .
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The corollary gives an algorithm using the alcove geometry to compute
Ž .rthe decomposition pattern of L l assuming that the decompositionp
0Ž .r rpattern of L l is known and with support in X .p p
w Ž 1. Ž 1.x rFor each y g W such that V l : L y ? l s a / 0, locate the p -p y
Ž . ¤ rq1 Ž . Ž .r rq1vertex f y ? l lying in the p -alcove f y ? A l . Multiply eachr p r p
0Ž .rnumber in the decomposition pattern of L l by a and then translatep y
r r Ž . ¤ Ž .r rq1them into the p -box with upper p -vertex f y ? l . Since f y g W ,r p r p
there is at most one such upper vertex in each prq1-alcove. Figure 2 is an
Ž .2illustration of the decomposition patterns of L l when l lies in genericp
Ž .2FIG. 2. The decomposition pattern of L l .p
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position in C 4 . Such operations like the ``giant wheel'' in a carnival suchp
that pr-boxes are ``hanged'' at their upper vertices, which can be moved by
W rq 1-action.p
The reader is suggested to compare Figs. 1 and 2. In Fig. 2 the nine
small sub-patterns contained in p2-alcoves spread out in nine different
p3-alcoves while in Fig. 1, all these nine small patterns lie in one single
p3-alcove. The readers can see from Fig. 3 that the decomposition pattern
3 3Ž .1of L l will spread out in nine p -alcoves. In each of the nine p -alcoves,p
nine numbers spread out in nine p2-alcoves with only one nonzero number
in each.
Ž .1FIG. 3. The decomposition pattern of L l .p
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5.8. Each l g X can be written as l s l0 q pl1 q ??? qprlr withq
li g X . Set l0 s l0 q ??? qpiy1liy1 and l1 s li q pliq1 q ??? . Then lp i i
s l0 q pil1 is the pi-decomposition of l. Suppose that l g C 4 such thati i p
1 2 0 1 Ž1.Ž . Ž . Ž .l is p -generic. We have L l ( L l m V l . Note that1 p p 1
1 1 1 1
2 2 2V l s V l : L y ? l L y ? l . 5.11Ž .Ž . Ž . Ž . Ž .Ý1 p 1 p 1 p 1
2ygWp
By Lusztig's dimension conjecture, Proposition 4.6, and the above results,
we have
0 1L l s l q p ? V lŽ . Ž .p 1
1 1 0 1
2 2 2s V l : L y ? l l q p ? L y ? lŽ . Ž . Ž .Ý ž /p 1 p 1 p 1
2ygWp
1 1
3 3s V p y 1 r q pl : L f y ? p y 1 r q plŽ . Ž . Ž .Ž . Ž .ŽÝ p 1 p 1 1
2ygWp
0 1= l q p ? V y ? lŽ .ž /p 1
¤ ¤
3 3s V l : L f y ? lŽ .Ž . Ž .Ž .Ý p p p 1 p
2ygWp
0 ¤
2= l y p y 1 r q V f y ? l . 5.12Ž . Ž . Ž .Ž .ž /p 1 p
The above formula gives an algorithm to compute the decomposition
Ž .pattern of L l using the alcove geometry.p
Ž . ¤1 Find the upper vertex l of the p-box containing l. Thenp
Ž ¤ .3compute the decomposition of V l and mark the multiplicity ofp p
Ž Ž . ¤ . Ž . ¤ ¤ 33L f y ? l at f y ? l , which is the image of l in the p -alcovep 1 p 1 p p
Ž . Ž .3f y ? A l .1 p
Ž . Ž . Ž . ¤2 For each of the p-special weights f y ? l marked with1 p
Ž .nonzero multiplicities in 1 , compute the decomposition pattern of
Ž Ž . ¤ . Ž .2 2V f y ? l and mark the multiplicity of L m at the image m ofp 1 p p
Ž . ¤ 2 2f y ? l in each of the p -alcoves under the W -dot action.1 p p
Ž . 03 At the translation image of l in each of the p-boxes with upper
Ž .vertices marked with nonzero multiplicities in 2 , write the product of the
Ž . ¤two numbers attached to the upper vertex of the p-box and to f y ? l .1 p
Ž .Figure 3 shows the decomposition pattern of L l with l in the bottomp
p4-alcove. Here all the multiplicities are at most one.
0 1 Ž2. 2w Ž . Ž . x2When r s 2, L m m L m with support in one of the p -alcovesp
w xis one of the clusters as predicted by Humphreys in Hu1 for the
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Ž . 3decomposition patterns of V l when l is in the bottom p -alcove. For
the root system of type A , Kuhne-Hausmann has worked out in her thesisÈ2
w x Ž .K more details on the structure of V l by using Jantzen's sum formula.
In general, it is possible to work out the radical filtrations of Weyl modules
with p2-generic highest weights inside the bottom p3-alcove once one
knows the radical filtrations for the quantum Weyl modules and Weyl
modules with generic highest weight in the bottom p2-alcove. When l is
2 Ž .2not p -generic, one can still work out the decomposition pattern of L l ,p
in particular, when l is close to an upper wall of a p2-alcove. We will
pursue this in a later paper.
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